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What are you in for?

— The system: mass-spring[-damper]

— The problem: vibration at low frequencies

— An idea: zero stiffness with magnets

— A theoretical implementation
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The problem—transmissibility
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(2a, 2b, 2c) and (2A, 2B, 2C) are the magnet dimensions
(α, β, γ) is the distance between their centres

(??) can be differentiated to obtain the stiffnesses, K = # $ xyzF :

K =
J J!

4πµ0
∑

(i,j,k,l,p,q)" {0,1}6
k
[
uij, vkl , wpq

]
· (# 1)i+j+k+l+p+q, (1)

where

kx = κ[u, v, w] , ky = κ[v, u, w] , kz = # kx # ky,

κ[u, v, w] = #
vu2

u2 + w2 # r # v log[r # v] ,

and the parameters u, v, w, and r are as given in (??). Note that the result
kx + ky + kz = 0 follows from Earnshaw’s theorem [?].

To a good approximation, this relationship may be modelled as quadratic:
Fm = Kx2 + F0,

F = Fm # mg = Kx2.
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The principle of zero stiffness

F = −kx
lim
k→0

F = −0× x = 0

x = −F
k

lim
k→0

x = −F/0 = ∞

3

F = −kx
lim
k→0

F = −0× x = 0

x = −F
k

lim
k→0

x = −F/0 = ∞

3

F = −kx
lim
k→0

F = −0× x = 0

x = −F
k

lim
k→0

x = −F/0 = ∞

3

F = −kx
lim
k→0

F = −0× x = 0

x = −F
k

lim
k→0

x = −F/0 = ∞

3



Magnetic springs
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An idea—Combination spring
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Force vs. gap
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(c) Combination spring

Figure 1: Vertically oriented magnetic springs. The shaded magnet in each is supported
against gravity (Fg) by the respective magnetic forces (Fm). Arrows within the magnets
indicate their directions of magnetisation.

used as the support as shown in Figure 1b. The stiffness in the load bearing direction is
positive, and the system is suitable for bearing loads of varying amounts.

Zero stiffness structures have been examined by Nijsse [4], who introduced the mag-
net arrangement shown in Figure 1c, a combination of the two aforementioned magnetic
springs. Xing et al. [5] have examined the general solution for feedback control systems
achieving zero and infinite stiffness. The latter has been demonstrated by Mizuno et al. [6],
in which the series combination of a conventional positive spring and a negative magnetic
spring results in theoretically infinite stiffness in total:

1

k
=

1

k1
+

1

k2
, ∴ k =

k1k2

k1 + k2
=∞, if k1 + k2 = 0.

This paper further develops the concept of zero stiffness through the parallel combi-
nation of two magnetic springs, k = k1 +k2 = 0, via theoretical modelling and simulated
non-linear control.

3 ZERO STIFFNESS
The term ‘zero stiffness’ strictly denotes a decoupling between displacement and force
for two disparate objects in space;

F (x) = lim
k→0
−kx = 0. (1)

However, for the proposed zero stiffness magnetic system the stiffness varies by position,
so perturbations from the equilibrium point eliminate the zero stiffness property. On the
other hand, small perturbations lead only to small changes in the stiffness, which will
therefore remain close to zero.

Taking the inverse of Equation 1 naïvely implies that for a totally zero stiffness system,
applied force will effect a displacement without bound: x(F ) = limk→0−F/k =∞. In a
more realistic case, the lower the stiffness the more easily the system can be actuated.
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Control system

— Linear control doesn’t work

— Linearised system is decoupled

— Simple “backstepping” is used

— The non-linear forces are cancelled

— Repelling spring used for comparison

— Simulations use the real dynamics…
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Ugly maths

F =
J J′

4πµ0
∑ ∑ ∑

(i,j,k,l,p,q)∈{0,1}6
∑ ∑ ∑ f

[
uij, vkl, wpq

]
· (−1)i+j+k+l+p+q,

fx = 1
2(v2− w2) ln [r − u] + uv ln [r − v] + vw arctan

[ uv
rw

]
+ 1

2ru,

fy = 1
2(u2− w2) ln [r − v] + uv ln [r − u] + uw arctan

[ uv
rw

]
+ 1

2rv,

fz = −uw ln [r − u]− vw ln [r − v] + uv arctan
[ uv

rw
]
− rw,

uij = α− a(−1)i + A(−1)j,

vkl = β− b(−1)k + B(−1)l,

wpq = α− c(−1)p + C(−1)q,

r =
√

u2
ij + v2

kl + w2
pq,

(2a, 2b, 2c) and (2A, 2B, 2C) are the magnet dimensions
(α, β, γ) is the distance between their centres

(??) can be dif ferentiated to obtain the stiffnesses,K = −∇xyzF :

K =
J J′

4πµ0
∑

(i,j,k,l,p,q)∈{0,1}6

k
[
uij, vkl, wpq

]
· (−1)i+j+k+l+p+q, (1)

where

kx = κ[u, v, w] , ky = κ[v, u, w] , kz = −kx − ky,

κ[u, v, w] = − vu2

u2 + w2 − r − v log[r − v] ,

and the parameters u, v, w, and r are as given in (??). Not e that the result
kx + ky + kz = 0 follows from EarnshawÕstheorem [?].

To a good approximation, this relationship may be modelled as quadratic:
Fm = Kx2 + F0,

F = Fm −mg = Kx2.

m ¬x − Kx2 = 0. (2)

[
¬x
úx

]
=

[
0 0
1 0

] [
úx
x

]
+

[
1/ m

0

]
u. (3)

The dynamic equation for these systems, assuming some linear viscous
damping, d, and a non-linear stiffnessforce Fk[·], is

m ¬x + d( úx − úy)− Fk[x − y] = U. (4)
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– Output displacement– Input displacement

First result: displacements
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(a) Vertical repelling spring.
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(b) Zero stiffness spring.

Figure 7: Displacement traces for the actively controlled springs.
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(a) Vertical repelling spring.
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(b) Zero stiffness spring.

Figure 8: Force traces for the actively controlled springs. Note that the force axes are not
scaled equally due to the large discrepancy.

Table 1: RMS values of the displacements, total forces, and control forces.

RMS

System Disp. (mm) Force (N) Control (N)

Single magnet 0.351 2.01 0.666
Zero stiffness 0.090 0.163 0.0683
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(a) Vertical repelling spring.
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(b) Zero stiffness spring.

Figure 7: Displacement traces for the actively controlled springs.
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Figure 8: Force traces for the actively controlled springs. Note that the force axes are not
scaled equally due to the large discrepancy.

Table 1: RMS values of the displacements, total forces, and control forces.

RMS

System Disp. (mm) Force (N) Control (N)

Single magnet 0.351 2.01 0.666
Zero stiffness 0.090 0.163 0.0683

Repelling spring Zero stiffness spring

≈40 seconds of data
RMS: 0.376 mm RMS: 0.146 mm



– Total force – Control force
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(a) Vertical repelling spring.
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(b) Zero stiffness spring.

Figure 7: Displacement traces for the actively controlled springs.
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Figure 8: Force traces for the actively controlled springs. Note that the force axes are not
scaled equally due to the large discrepancy.

Table 1: RMS values of the displacements, total forces, and control forces.

RMS

System Disp. (mm) Force (N) Control (N)

Single magnet 0.351 2.01 0.666
Zero stiffness 0.090 0.163 0.0683

0 10 20 30 40
!3

!2

!1

0

1

2

3

Time, s

D
is

pl
ac

em
en

t, 
m

m

Disturbance Displacement

(a) Vertical repelling spring.
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(b) Zero stiffness spring.

Figure 7: Displacement traces for the actively controlled springs.
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Figure 8: Force traces for the actively controlled springs. Note that the force axes are not
scaled equally due to the large discrepancy.

Table 1: RMS values of the displacements, total forces, and control forces.

RMS

System Disp. (mm) Force (N) Control (N)

Single magnet 0.351 2.01 0.666
Zero stiffness 0.090 0.163 0.0683

Second result: forces

RMS: 2.14 N RMS: 0.142 N

Repelling spring Zero stiffness spring

≈40 seconds of data



Third result: transmissibilities
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(a) Vertically repelling spring
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(b) Zero stiffness spring

Figure 7: Transmissibilities of the actively controlled springs for various gains.

7 INHERENT ASSUMPTIONS
Many assumptions have been made to simplify the analyses in this paper. These assump-
tions will be lifted in the practical development of the vibration isolator. The zero stiffness
property only holds when the magnet distances are tuned to support the mass of the iso-
lator in the region of local force minima. Variations of the load would require a variable
magnet separation distance, which could be effected with an actively controlled screw
drive for (slow) online tuning.

The horizontal dynamics may be analysed and stabilised through similar analysis to
that shown in this paper for the vertical direction. Alternatively, the spring may be con-
strained in the vertical direction.

It has been assumed here that the states of the system are fully observable. In practice,
only the relative displacement [x− y], relative velocity [ẋ− ẏ], and the absolute accel-
erations ẍ and ÿ are directly measureable, but these parameters may be combined in an
observer to obtain the required states used for feedback in this paper.

The effects of the actuator dynamics have not been modelled, nor have problems re-
lating to achieving moment-free forces been addressed. With careful placement of zero
stiffness voice-coil actuators, these problems should not be significant in practice.

8 SUMMARY
The unique force characteristic of a magnetic configuration combining vertically attract-
ing and vertically repelling springs allows non-contact load bearing with zero stiffness
properties. This is different from a classical spring that has a lower bound on its stiffness
and hence a lower limit on its vibration isolation capabilities.

The non-linear force-displacement relationship of this combination spring required a
non-linear controller, which was developed using a backstepping technique. Simulation
results based on this controller displayed the zero stiffness tendency anticipated; smaller
than unity transmissibility was achieved over the entire frequency spectrum.
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(b) Zero stiffness spring

Figure 7: Transmissibilities of the actively controlled springs for various gains.

7 INHERENT ASSUMPTIONS
Many assumptions have been made to simplify the analyses in this paper. These assump-
tions will be lifted in the practical development of the vibration isolator. The zero stiffness
property only holds when the magnet distances are tuned to support the mass of the iso-
lator in the region of local force minima. Variations of the load would require a variable
magnet separation distance, which could be effected with an actively controlled screw
drive for (slow) online tuning.

The horizontal dynamics may be analysed and stabilised through similar analysis to
that shown in this paper for the vertical direction. Alternatively, the spring may be con-
strained in the vertical direction.

It has been assumed here that the states of the system are fully observable. In practice,
only the relative displacement [x − y], relative velocity [ẋ − ẏ], and the absolute accel-
erations ẍ and ÿ are directly measureable, but these parameters may be combined in an
observer to obtain the required states used for feedback in this paper.

The effects of the actuator dynamics have not been modelled, nor have problems re-
lating to achieving moment-free forces been addressed. With careful placement of zero
stiffness voice-coil actuators, these problems should not be significant in practice.

8 SUMMARY
The unique force characteristic of a magnetic configuration combining vertically attract-
ing and vertically repelling springs allows non-contact load bearing with zero stiffness
properties. This is different from a classical spring that has a lower bound on its stiffness
and hence a lower limit on its vibration isolation capabilities.

The non-linear force-displacement relationship of this combination spring required a
non-linear controller, which was developed using a backstepping technique. Simulation
results based on this controller displayed the zero stiffness tendency anticipated; smaller
than unity transmissibility was achieved over the entire frequency spectrum.
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Revisiting control effort

RMS control !N"

Gain Zero k Regular

Low !"#$ #$%&

Med !"%! !"#$

High !"#& !"#$

/



Summary

— Springs have transmissibility 
problems at low frequencies

— Magnets can be used for a zero 
stiffness support

— But the system is unstable

— Non-linear control shows 
promising simulations!anks


